
1.4 Further Properties

͜ͷઅΛ௨ͯ͠ɼ(Y,φ)͸ X/S ͷ G/S ʹΑΔ geometric quotientͰ͋Δͱ͢Δɽ

ิ୊ 1.37 geometric quotient (Y,φ)͕ଘ͢ࡏΔͳΒ͹ɼ࡞༻ σ : G ! X ͸ด࡞༻Ͱ͋Δɽ͞ΒʹɼY ͕ S

্෼཭తͰ͋ΔͳΒ͹ɼ࡞༻ σ ͸෼཭తͰ͋Δɽ !

ূ໌ ୅਺తดମ Ω ʹରͯ͠ɼX ্ͷزԿֶత఺ x : SpecΩ → X Λ͑ߟΔɽX := X ×k SpecΩɼ

Y := Y ×k SpecΩɼφ : X → Y ͱද͢͜ͱʹ͢Δͱɼ

O(x) = φ
−1

(φ(x))

Ͱ͋ΔɽΩ্ͷεΩʔϜͷ Ω஋఺͸ด఺Ͱ͋ΔͷͰɼಛʹ φ(x)͸ด఺ɽैͬͯ O(x)͸ดू߹Ͱ͋Δɽ

(Y,φ)͸ geometric quotientͰ͋ΔͷͰɼΨ : G×S X → X ×S X ͷ૾͸X ×Y X Ͱ͋Δɽ͜͜Ͱɼ࣍ͷ

ਤࣜ
X ×Y X !!

φ◦pi

""

X ×S X

φ×φ
""

Y
∆

!! Y ×S Y

͸ϑΝΠόʔੵͷਤࣜͰ͋Γɼφ͕ universally submersiveͰ͋Δ͜ͱ͔Β φ×φ΋ submersiveͰ͋ΔͷͰɼ

∆(Y )͕ Y ×S Y ͷดू߹⇔ (φ× φ)−1(∆(Y ))͕ X ×S X ͷดू߹

⇔ X ×Y X ͕ X ×S X ͷดू߹

ͱͳΔ͔ΒɼY ͕ S ্෼཭తͰ͋Δ͜ͱͱɼσ ͕෼཭తͳ࡞༻Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δɽ "

໋୊ 1.38 ମ kʹରͯ͠ S = Spec kͰ͋ΓɼG,X, Y ͸ k্ͷ෼཭తͳ୅਺తεΩʔϜͰ͋Δͱ͢Δɽ͜ͷ

ͱ͖ɼG͕ΞϑΟϯͰ࡞༻ σ ༗ͳΒ͹ɼφ͸ΞϑΟϯࣹͰ͋Δɽݻ͕ !

ূ໌ ·ͣɼY ͕੾அ s : Y → X Λ΋ͭͱԾఆ͢Δɽ࣍ͷՄ׵ਤࣜΛ͑ߟΔ

G× Y
τ !!
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✉✉

Y

s

""
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%%①①①①①①①①①

Ψ
!! X ×Y X

p2
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༺࡞ σ ༗ͳͷͰݻ͕ Ψ͸ݻ༗ࣹͰ͋Γɼ͕ͨͬͯ͠جఈม׵Ͱ͋Δ τ ΋ݻ༗ࣹͰ͋Δɽ·ͨɼG͕ΞϑΟϯ

ͳͷͰɼp2 : G × Y → Y ͸ΞϑΟϯࣹͰ͋ΔɽU ⊂ Y Λ Y ͷΞϑΟϯ։ू߹ͱ͢Δɽp−1
2 (U)͸ΞϑΟϯ

ଟ༷ମͰ͋Γɼݻ༗ͳશࣹ τ : p−1
2 (U)→ φ−1(U)͕ଘ͢ࡏΔɽ͜ͷ τ ͷϑΝΠόʔ͸ݻ༗͔ͭΞϑΟϯͳͷ

Ͱɼτ ͸༗ݶશࣹͰ͋Δ͜ͱ͕Θ͔ΔɽΞϑΟϯଟ༷ମ͔Βͷ༗ݶશࣹ͕͋Ε͹ɼ஋Ҭͷଟ༷ମ΋ΞϑΟϯͰ

͋Δɽ͕ͨͬͯ͠ɼφ΋ΞϑΟϯࣹʹͳΔɽ
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Ұൠͷ৔߹ʹ΋ɼجఈม׵ π : Y ′ → Y Λ͑ߟΔ͜ͱͰ φ ͕੾அΛ΋ͭ৔߹ʹؼணͤ͞Δɽ͜͜Ͱɼ

φ′ : X ×Y Y ′ → Y ′ ͕ΞϑΟϯͰ͋Δ৔߹Ͱ͋ΔͱԾఆ͢Δɽਤࣜ

X ×Y Y ′ φ
′

!!

p2

""

Y ′

π

""
X

φ !! Y

Λ͑ߟΔɽ௚લͱྨࣅͷٞ࿦ʹΑͬͯɼπ ͕༗ݶͳશࣹͰ͋ΔͳΒ͹ φ͕ΞϑΟϯͰ͋Δ͜ͱ͕Θ͔Δɽࣹ͕

ΞϑΟϯͰ͋Δͱ͍͏ͷ͸ہॴతͳੑ࣭ͳͷͰɼ͜Ε͸ Y ͷΞϑΟϯ։ۙ๣ {Ui}ʹରͯ͠ π :
⋃

Ui → Y Λ

ຒΊࠐΈͰͱͬͨͱ͖ʹ΋ਖ਼͍͠ɽ͕ͨͬͯ͠ɼ஫ҙ 1.23ΑΓɼূ໌͸࣍ͷิ୊ʹؼண͞ΕΔɿ

ิ୊ 1.39 φ : X → Y ͕୅਺తεΩʔϜͷؒͷ༗ܕݶͳશࣹͰɼઈର։Ͱ͋Δ΋ͷͱ͢Δɽ͜ͷͱ͖ɼجఈ

ม׵ π : Y ′ → Y Ͱ͋ͬͯ࣍ͷ 2छྨͷࣸ૾

(i) ༗ܕݶͳશࣹ

(ii) ։ඃ෴ {Ui}ʹର͠ɼͦΕΒͷඇަ࿨͔Βͷࣗવͳࣹ
⊔
Ui → Y

ͷ߹੒ͰಘΒΕΔ΋ͷͰɼঘͭ׌ φ′ : X ×Y Y ′ → Y ′ ͕੾அΛ࣋ͭΑ͏ͳ΋ͷ͕ଘ͢ࡏΔɽ !

ূ໌ ·ͣɼY1 Λ Yred ͷਖ਼نԽͱͯ͠ɼπ1 : Y1 → YɼX1 := X ×Y Y1ɼφ1 : X1 → Y1 ͱఆΊΔɽφ͸৚

͔݅Β։ࣸ૾͔ͭશࣹͳͷͰɼX1 ͷ࿈݁੒෼ͷ૾͸ Y1 ͷ࿈݁੒෼ʹͳΓɼφͷجఈม׵Ͱ͋Δ φ1 ͷϑΝΠ

όʔ͸ɼશͯಉ࣍͡ݩΛ࣋ͭɽ͜͜Ͱɼ೚ҙͷ y ∈ Y1 ʹରͯ͠ɼx ∈ X1 Λ φ1(x) = Y ͱͳΔ X1 ͷด఺ͱ

͢ΔɽʢશࣹͳͷͰɼ͜ͷΑ͏ͳ఺͸গͳ͘ͱ΋Ұͭ͋Δɽࣹ͕༗ܕݶͳͷͰɼ৒༨ମ k(x)͸ k(y)ͷ༗࣍ݶ

֦େͰ͋Δɽ͕ͨͬͯ͠ɼx͸ด఺ͱͯ͠ͱΕΔɽʣ·ͣɼඃ໿͔ͭط໿ͳด෦෼εΩʔϜH ⊂ X1 Ͱ͋ͬͯɼ

(i) dimH = dimY1ɼ

(ii) x͸ H ∩ φ−1
1 (y)ͷཱݽ఺

ͱͳΔΑ͏ͳ΋ͷ͕ଘ͢ࡏΔɽ͜ͷΑ͏ͳ H ͸ྫ͑͹࣍ͷΑ͏ʹͯ͠ߏ੒͢Δ͜ͱ͕Ͱ͖Δɿn :=

dimφ−1
1 (y) ͱ͢Δɽf1, . . . , fn ∈ OX,x1 Λ೹ܥ (system of parameters) ͱ͢ΔɽH Λ f1, . . . , fn ͷ van-

ishing locus ͱͯ͠ఆΊΔɽϑΝΠόʔͷ͕࣍ݩશͯಉ͡Ͱ͋Δ͔ΒɼdimH = dimX1 − n = dimY1 Ͱ

͋Δɽ

͜ͷͱ͖ɼH ͷؔ਺ମ k(H)͸ k(Y1)ʢ·ͨ͸ y ΛؚΉ Y1 ͷ੒෼ Yy ʹରͯ͠ k(Yy)ʣͷ༗࣍ݶ୅਺֦େͰ

͋ΔɽL ⊃ k(H)Λ༗࣍ݶ୅਺֦େͰɼk(Y1)ͷ Galois֦େ্७ඇ෼཭ʹͳ͍ͬͯΔ΋ͷͱ͢ΔɽY ′ ΛɼY1

ͷ LͷதͰͷਖ਼نԽͱ͢Δɽ

͜͜Ͱɼ࣍ͷओுΛࣔ͢ɿ

ओு ࣹӨ X1 ×Y1 Y
′ → Y ′ ͸ɼ೚ҙͷ y′ ∈ Y ′ Ͱ y ্ʹ͋Δ΋ͷʹର͠ɼͦͷ͋Δۙ๣ U ′ Ͱ੾அΛ΋ͭɽ

ؔ਺ମͷ֦େ L ⊃ k(H)ʹΑͬͯఆ·Δ༗ཧࣸ૾ Y ′ ##$ H Λ͑ߟΔɽ͜ͷ༗ཧࣸ૾͕ y′ ∈ Y Ͱ y ্ʹ͋

Δ΋ͷͷۙ๣ U ′ Ͱ͸ࣹʹͳ͍ͬͯΔ͜ͱΛࣔ͢ɽ΋͜͠ͷ͜ͱ͕ࣔ͞ΕΕ͹ɼH ↪→ X1 ͱ U ′ → H Λ߹੒

͢Δ͜ͱͰɼࣹӨ X1 ×Y1 Y
′ → Y ′ ͷ U ′ Ͱͷ੾அ͕ఆ·Δɽ
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U ′

''

id

((

""

X1 ×Y1 U
′ !!

""

U ′

""
H ! " !! X1

! ! Y1

H ′ Λ H ͷ L ͷதͰͷਖ਼نԽͱ͢Δɽ͜ͷͱ͖ɼH → Y1 ͸ࣹͰ͋Δ͔Βɼ͜Ε͔Βఆ·Δ૒༗ཧࣸ૾

H ′ → Y ′ ͸ࣹʹͳ͍ͬͯΔɽx′ ∈ H ′ Λ x ∈ H ্ͷ఺ͱ͢ΔɽԾఆͷ (ii)ʹΑͬͯɼx͸ H → Y1 ͷϑΝΠ

όʔͷཱݽ఺Ͱ͋Δɽ͕ͨͬͯ͠ɼx′ ͸H ′ → Y ͷϑΝΠόʔͷཱݽ఺Ͱ͋Δ͜ͱ͕ै͏ɽZariskiͷओఆཧ

ʹΑͬͯɼࣹH ′ → Y ′ ͸ x′ ͷ͋Δۙ๣ U ′ ͰಉܕͰ͋ΔɽಉܕʹΑͬͯಉҰͯ͠ࢹ U ′ ⊂ Y ′ ͱΈͳ͢ɽ༗ཧ

ࣸ૾ Y ′ ##$ H ͸ɼ͜ͷ։ू߹ U ′ ⊂ Y ′ ্Ͱ͸߹੒ U ′ ↪→ H ′ → H ʹҰக͢ΔͷͰɼࣹʹͳ͍ͬͯΔɽҎ্

Ͱɼओுͷূ໌͕ऴΘͬͨɽ

ओுΛ༻͍Δ͜ͱͰɼyͷ։ۙ๣ Uy ⊂ Y1 Ͱ͋ͬͯɼUy ͷ૾ٯΛ Vy ⊂ Y ′ ͱ͢Δͱɼࣹ ӨX1×Y1 Y
′ → Y ′

͕ Vy ͷ֤఺ͷۙ๣Ͱ੾அΛ΋ͭΑ͏ͳ΋ͷ͕ߏ੒Ͱ͖Δɽ͜ͷΑ͏ͳ Uy ͨͪͷ༗ݸݶͷඇަ࿨Λ Y2
⊔
Uy

ͱ͢Δɽ͜ΕΒͷ Uy ͨͪʹରԠ͢Δ Vy ͷඇަ࿨Λͱͬͨ΋ͷΛ Y3 ͱ͢ΔɽY3 → Y2 ͸༗ݶͳશࣹͰ͋Δɽ

ɼVyʹޙ࠷ ͨͪͷ֤఺ͷۙ๣ͷඇަ࿨Λͱͬͨ΋ͷΛ Y4ͱ͢Δɽ͜͜·Ͱͷٞ࿦ΑΓɼࣹ ӨX1×Y1 Y4 → Y4

͸େҬ੾அΛ΋ͭɽX1 ×Y1 Y4 = (X ×Y Y1)×Y1 Y4 = X ×Y Y4 Ͱ͋Δɽ "

Ҏ্Ͱɼ໋୊ 1.38ͷূ໌΋ͨྃ͠׬ɽ "

͜ͷ໋୊ 1.38͸޻෉͢Ε͹ΑΓҰൠͷ base scheme S ʹ͍ͭͯূ໌͢Δ͜ͱ͕Ͱ͖Δ͕ɼ͜͜Ͱ͸লུ͢

ΔɽͪͳΈʹɼޙͷষͷ݁ՌΛ༻͍Ε͹ɼ࣍ͷΑ͏ͳԾఆͷԼͰ໋୊ 1.38ͷٯΛࣔ͢͜ͱ͕Ͱ͖Δɿ

໋୊ 1.40 ମ kʹରͯ͠ S = Spec kͰ͋ΓɼG,X, Y ͸ k্ͷ෼཭తͳ୅਺తεΩʔϜͰ͋Δͱ͢Δɽ͞Β

ʹɼG͕؆໿୅਺܈ʢఆٛΛݟΑʣͰ͋ΓɼX ͷ೚ҙͷزԿֶత఺ͷ G࡞༻ʹΑΔ satabilizer͕༗܈ݶͰ͋

Δͱ͢Δɽ͜ͷͱ͖ɼφ͕ΞϑΟϯࣹͰ͋ΔͳΒ͹ɼ࡞༻ σ ͸ݻ༗Ͱ͋Δɽ !

ূ໌ Ψ : G×G→ X ×X ͸ Y ࣹͰ͋Δ͔ΒɼY ͷΞϑΟϯ։ඃ෴ {Ui}i ʹର֤ͯ͠ Ui ্Ͱ Ψ͕ݻ༗Ͱ

͋Δ͜ͱΛࣔͤ͹Α͍ɽY ͕ΞϑΟϯͰ͋ΔͱԾఆ͢Δɽ͜ͷͱ͖ɼφ͕ΞϑΟϯࣹͰ͋Δ͔Β X ΋ΞϑΟ

ϯͰ͋Δɽ͔ͭɼิ୊ 1.37ΑΓ࡞༻ σ ͸ด࡞༻Ͱ͋Δ͔Βɼఆٛ 2.31ͷه๏Λ༻͍ͯ

X = Xs
(0)(OX)

ͱॻ͚Δɽܥ 4.8Λ༻͍ͯ Gͷ X ΁ͷݻ͕༺࡞༗Ͱ͋Δ͜ͱ͕෼͔Δɽ "

ఆٛ 1.41ʢओϑΝΠόʔଋʣ (Y,φ) ͕ X ͷ G ʹΑΔ geometric quotient Ͱ͋Δͱ͢ΔɽG ͸ S ্ฏୱͰ

͔ͭ༗ܕݶͰ͋Δͱ͢Δɽ

(i) φ͕ฏୱࣹͰ͔ͭ༗ܕݶͰ͋Δɽ

(ii) Ψ͕ G×S X ͱ X ×Y X ͷಉܕΛ༩͑Δɽ

ͱ͍͏ೋͭͷ৚݅Λຬͨ͢ͱ͖ɼX ͸ Y ্ͷ܈ Gʹؔ͢ΔओϑΝΠόʔଋ (principal fiber bundle)Ͱ

͋Δͱ͍͏ɽ !
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໋୊ 1.42 ମ k ʹରͯ͠ S = Spec k Ͱ͋ΓɼG͕୅਺܈ɼX,Y ͕ k ্ͷ෼཭తͳ୅਺తεΩʔϜͰ͋Δͱ

͢Δɽ͜ͷͱ͖ɼ࡞༻ σ ͕ࣗ༝Ͱ͋ΔͳΒɼ(Y,φ)͸X ͷ GʹΑΔ geometric quotientͰ͋ΓɼX ͸ Y ্

ͷ܈ Gʹؔ͢ΔओϑΝΠόʔଋͰ͋Δɽ*21 !

*21 ࣮͸ɼY ͕୅਺తεΩʔϜͰ͋Δͱ͍͏Ծఆ͸ෆཁͰ͋Δɽ࣮ࡍɼX ͕୅਺తεΩʔϜͰ͋Δͱ͖ɼͦͷ geometric quotient΋
୅਺తεΩʔϜͰ͋Δ͜ͱ͕ূ໌Ͱ͖Δɽʢఆཧ 7.18ʣ͜Ε͸ FogartyʹΑΔ 1983೥ʢGITॳ൛ͷग़൛͔Β 18೥ޙʣͷ݁ՌͰ
͋Δɽ

25


